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Abstract
We introduce an SU(1, 1) algebraic approach to study the (2+1)-Dirac oscillator in
the presence of the Aharonov-Casher effect coupled to an external electromagnetic field
in the Minkowski spacetime and the cosmic string spacetime. This approach is based
on a quantum mechanics factorization method that allows us to obtain the su(1, 1)
algebra generators, the energy spectrum and eigenfunctions. We obtain the coherent
states and their temporal evolution for each spinor component of this problem. Finally,
for these problems, we calculate some matrix elements and the Schro¨dinger uncertainty
relationship for a general position and momentum-like operators.
1 Introduction
In 1959, Aharonov and Bohm published their work on the importance of electromagnetic
potentials in quantum theory [1]. This problem is now known as the Aharonov-Bohm effect,
and consists of an electron beam that is fired from a source on a plate with two slits (double
slit experiment) that passes around an infinitely long solenoid. From this experiment, it is
expected that these electrons do not experience any type of electromagnetic force, because
the magnetic field is confined in the solenoid. However, a phase change is observed in the
electron beam, that is, the electron beam is influenced by the electromagnetic field even when
it does not come into contact with this field.
Years later in 1984, Aharonov and Casher carried out an experiment similar to that done
by Aharonov-Bohm. In this new experiment, a topological phase is obtained when a beam of
∗
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neutral particles with non-zero magnetic dipole moments moves in an electric field produced
by a tube with a charge line [2]. These two effects have been the subject of studies by
researchers from various points of view, from those who disagree with the results obtained
by the experiments carried out by Bohm and his working group, to those who have verified
their results and have made certain modifications for these experiments [3–10].
In particular, in Ref. [3] the influence of the Aharonov and Casher effect on the Dirac
oscillator is studied and the eigenvalues and the eigenfunctions are obtained, as well as the
energy levels for bound states. Also, the authors of Ref. [3] showed that the relativistic energy
levels depend on the Aharonov and Casher geometric phase in the Minkowski spacetime,
the cosmic string spacetime and the cosmic dislocation spacetime. Similarly, Barboza and
Bakke confined the Aharonov-Casher system to a potential Coulomb type, showing that the
energy levels depend on the Aharonov-Casher geometric phase. These authors also analyze
the behavior of the Landau-Aharonov-Casher system subject to a potential Coulomb type,
giving bound states solutions to the Schro¨dinger-Pauli equation [4].
A new method is implemented by Mirza and Zarei to obtain the corrections to the topo-
logical phase of the Aharonov and Casher effect, where in a commutative space the linear
spectrum does not depend on the relativistic nature of the dipoles. These authors study this
effect in a noncommutative space giving a generalized formula for holonomy [5].
On the other hand, since Glauber coined the concept of coherent states in the year
1963 [11], countless works have been published in the field of quantum optics (where they
were originally worked on), quantum mechanics, statistical physics, quantum magnetism,
thermodynamics, quantum field theory, etc. The theory of coherent states arose in order to
make comparisons between the classical and quantum theories. These states were introduced
by Schro¨dinger in 1926 as the most classical ones of the harmonic oscillator, i.e., those of
minimal uncertainty that are not deformed when evolving in time along a classical trajectory
[12]. Glauber defined the coherent states as the eigenstates of the annihilation operator of
the harmonic oscillator which are related to those of the Heisenberg-Weyl group.
The relationship between coherent states and the SU(1, 1) group was given by Barut and
Girardello. They introduced the SU(1, 1) coherent states as the eigenstates of the annihilation
operator T- of this group [13]. Similarly, Perelomov defined his coherent states as the action
of the displacement operator (constructed in terms of the algebra generators) onto the lowest
state of the irreducible representation of the group corresponding to the algebra generators
[14].
The aim of this paper is to study the (2 + 1)-dimensional Dirac oscillator under the
action of the Aharonov-Casher effect coupled to an external electromagnetic field in the
Minkowski spacetime and the cosmic string spacetime. In Section 2, we give a review of
the Dirac oscillator and the Aharonov-Casher effect in the Minkowski spacetime to obtain
the uncoupled differential equations for each spinor component. In Section 3, we apply a
factorization method of quantum mechanics to each of the uncoupled second-order differential
equations satisfied by the radial spinor components. We obtain the energy spectrum and
eigenfunctions with the help of the theory of unitary irreducible representations. Moreover, in
Section 3 we are able to find the coherent states and their temporal evolution for this problem.
Sections 4 and 5 are dedicated to obtaining analogous results for the Dirac oscillator and the
Aharonov-Casher effect, but now in the cosmic string spacetime. In Section 6, we obtain the
matrix elements for the radial eigenfunctions. Also, we show that the Schro¨dinger uncertainty
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relationship evaluated in the Perelomov coherent states, holds for a general position and
momentum-like operators in both, the Minkowski and the cosmic string spacetime. Finally,
we give some concluding remarks.
2 The Dirac Oscillator and the Aharonov- Casher Ef-
fect in the Minkowski spacetime
The metric tensor in the Minkowski spacetime for the Dirac oscillator in the presence of the
Aharonov-Casher effect with an external electromagnetic field is defined by the line element
ds2 = c2dt2 − dρ2 − ρ2dθ2, (1)
where |t| <∞, θ ∈ [0, 2π] is the azimutal coordinate and c the speed of light [15].
The electric fields for the Aharonov- Casher effect are E1 and E2. E1 is generated by
an infinitely long wire and uniformly charged, located along the z-axis, perpendicular to the
polar plane, and E2 is produced in the inner region of a uniformly charged non-conducting
cylinder of length L and radius R. Explicitly,
E1 =
2λ1
ρ
êρ, ∇ ·E1 = 2λ1 δ(ρ)
ρ
,
(
ρ =
√
x2 + y2
)
, (2)
E2 =
λ2ρ
2
êρ, ∇ ·E2 = λ2, ∂E2
∂t
= 0, ∇×E2 = 0, (3)
where λ1 = λ0/4πǫ0, λ2 = χ/ǫ0, λ0 > 0 is the electric charge linear density of the wire, ρ > 0
is the radial coordinate and χ = (Q/πR2L) > 0 (R ≪ L) is the electric charge volumetric
density of cylinder. The magnetic fieldB originated by an infinitely long solenoid is expressed
by the mathematical equations
B = Bêz, ∇ ·B = 0, ∂B
∂t
= 0, ∇×B = µoJ . (4)
The covariant Dirac equation for a neutral fermion with electric dipolar momentum µ
is [15] [
iγa∂a +
µ
2
σabFab −m0
]
Ψ(t, r) = 0, (a, b = 0, 1, 2), (5)
with matrices γa satisfying the anticommutation relations of the Clifford Algebra {γa, γb} =
2ηab, being ηab the Minkowski metric tensor, σab = 1
2
[
γa, γb
]
and Fab the electromagnetic
field tensor. If we substitute 1
2
σabFab = iα · E−Σ ·B into equation (5) we obtain[
iγ0∂0 − γ · (p− im0ωβr) + µ (iα ·E −Σ ·B)−m0
]
Ψ(t, r) = 0. (6)
After replacing equations (2), (3) and (4) in equation (5) we get the following Dirac equation
in (2 + 1) dimensions[
iγ0∂0 + iγ
ρ
(
∂ρ + γ
0
(
m0ω¯ρ− sΦAC
πρ
))
+ i
γθ∂θ
ρ
− ΣzµB −m0
]
Ψ(t, ρ, θ) = 0, (7)
3
where γ0 = β, γρ = γ · êρ = γ1 cos θ + γ2 sin θ, γθ = γ · êθ = −γ1 sin θ + γ2 cos θ,Σz =
Σ · êz, ω¯ =
(
ω − ωAC
2
) ≥ 0, wAC = µλ2m0 is the Aharonov-Casher frequency of the fermion [16]
and ΦAC = 2sπµλ1 is the Aharonov-Casher phase. The term s = ±1 represent the projections
of the magnetic dipole moment of the fermion along on the z-axis [3, 17, 18].
After applying the similarity transformation to the Dirac matrices γρ and γθ we obtain
U−1(θ)γρU(θ) = γ1, U−1(θ)γθU(θ) = γ2, (8)
where U(θ) = e−
iθα3
2 . Also, in a (2+1)- dimensional Minkowski spacetime the Dirac matrices
γ = (γ1, γ2) = (−γ1,−γ2), γ0 = Σz are given in terms of the Pauli matrices as γ1 = σ3σ1,
γ2 = σ3σ2 and γ
0 = Σz = σ3. Thus, equation (7) can be written as[
σ1
(
i∂ρ + iσ3
(
moω¯ρ− sΦAC
πρ
))
+ σ2
(
i∂θ
ρ
+
σ3
2ρ
)
+ µB +m0σ3 − i∂0
]
ψ(t, ρ, θ) = 0,
(9)
where ψ(t, ρ, θ) ≡ U−1(θ)Ψ(t, ρ, θ) and the Dirac spinor is given by [19, 20]
Ψ(t, ρ, θ) =
ei(mlθ−Et)√
2π
[
ϕ+(ρ)
iϕ−(ρ)
]
, (ml = ±1/2,±3/2, ...) . (10)
Therefore, we can write equation (9) as the two first-order coupled differential equations:
(m0 + µB − E)ϕ+(ρ) =
[
d
dρ
−m0ω¯ρ+ 1
ρ
(
ml +
sΦAC
π
+
1
2
)]
ϕ−(ρ), (11)
(m0 − µB + E)ϕ−(ρ) =
[
d
dρ
+m0ω¯ρ− 1
ρ
(
ml +
sΦAC
π
− 1
2
)]
ϕ+(ρ). (12)
By combining these equations, we obtain the uncoupled differential equations for the
radial components[
d2
dρ2
+
1
ρ
d
dρ
− Γ
2
s
ρ2
−m20ω¯2ρ2 + ξs
]
ϕs (ρ) = 0, (s = ±1) , (13)
with
Γs ≡ml + sΦAC
π
− s
2
, (14)
ξs ≡ (µB − ξ)2 −m20 + 2m0ω¯Γs + 2sm0ω¯. (15)
In these expressions, ξ is the relativistic total energy of the fermion and ml is the orbital
magnetic quantum number.
3 The algebraic solution for the Dirac Oscillator and
the Aharonov-Casher Effect in the Minkowski Space-
time
In this Section, we shall construct the su(1, 1) algebra generators of the equation (13) by
using the Schro¨dinger factorization method [21, 22]. The su(1, 1) Lie algebra is defined by
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the following relations [23]
[K1, K2] = −iK3, [K2, K3] = iK1, [K3, K1] = iK2. (16)
In these expressions, the operators Ki, i = 1, 2, 3 are the generators of the Lie algebra.
Introducing the standard raising and lowering operators K±
K± = K1 ± iK2, (17)
the commutation relations can be written as
[K3, K±] = ±K±, [K−, K+] = 2K3. (18)
The quadratic Casimir operator C2 for this algebra, which commutes with all the algebra
generators, has the form
C2 = K23 −K21 −K22 = K23 −
1
2
(K+K− +K−K+) , [C2, Ki] = 0. (19)
The su(1, 1) algebra has different series of unitary representations, but here we consider only
the discrete series. A basis for an irreducible representation is given by the set {|k, n〉, n =
0, 1, 2, ...}, where k is the representation index, also called the Bargmann index. The action
of these operators on this basis states is
K+|k, n〉 =
√
(n + 1)(2k + n)|k, n+ 1〉, (20)
K−|k, n〉 =
√
n(2k + n− 1)|k, n− 1〉, (21)
K3|k, n〉 = (k + n)|k, n〉, (22)
where |k, 0〉 is the lowest normalized state. The value of the Casimir operator C2 in the
invariant space {|k, n〉} is equal to k(k − 1).
Now, in order to construct the su(1, 1) algebra generators for the Dirac Oscillator and
the Aharonov-Casher effect in the Minkowski spacetime we can express the equation (13) as
[
A
s
− − 1
]
A
s
+ =
1
4
[(
ξs
2m0|ω¯| + 1
)2
− Γ2s
]
, (23)
where As∓ are the Schro¨dinger operators explicitly given by
A
s
∓ =
1
2
[
±ρ d
dρ
+m0|ω¯|ρ2 − 1
2m0ω¯
[
(µB − ξ)2 −m20 + 2m0|ω¯|Γs + 2m0|ω¯|
]
+ s
]
. (24)
Thus, from equation (13) we obtain the two following pair of operators
B
s
±(1) =
1
2
[
∓ρ d
dρ
+m0|ω¯|ρ2 −
m20 − 2m0|ω¯|
(
µl +
ΦAC
pi
− 1
2
)
2m0|ω¯|
]
− 1 + s
2
− Bs3, (25)
B
s
±(2) =
1
2
[
∓ρ d
dρ
+m0|ω¯|ρ2 −
m20 − 2m0|ω¯|
(
µl − ΦACpi + 12
)
2m0|ω¯|
]
+
1− s
2
− Bs3. (26)
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By substituting the equation (15) into the equation (13) we obtain the operator Bs3
B
s
3ϕs =
1
4m0|ω¯|
[
− d
2
dρ2
− 1
ρ
d
dρ
+m20ω¯
2ρ2 +
Γ2s
ρ2
+m20 − 2m0|ω¯|Γs − 2m0|ω¯|
]
ϕs
=
1
4m0|ω¯| [µB − ξ]
2 ϕs. (27)
Now, if we introduce the operator B′s3 defined by
B
′s
3 = B
s
3 +
1
4π|ω¯| [|ω¯|π −m0π + 2|ω¯|mlπ + 2|ω¯|ΦAC ] , (28)
we can show that the operators B±(1,2) and B′
s
3 close the su(1, 1) Lie algebra of equation (18),
i.e. [
B
′s
3,B
s
±(1,2)
]
= ±Bs±(1,2),
[
B
s
−(1,2),B
s
+(1,2)
]
= 2B′s3. (29)
The Casimir operator C 2s for this algebra satisfies the eigenvalue equation
C
2
s ϕs =
1
4
[
Γ2s − 1
]
ϕs = k(k − 1)ϕs. (30)
Therefore, from this expression, we can obtain the relationship between Γs and the quantum
number k. The other group number n can be identified with the radial quantum number nr.
By comparison of equations (28) and (22) we obtain
ks =
1
2
|Γs|+ 1
2
, n = nr, (31)
n+ ks =nr +
1
2
|Γs|+ 1
2
=
1
4m0|ω¯| [µB − ξ]
2 +
1
4π|ω¯| [|ω¯|π −m0π + 2|ω¯|mlπ + 2|ω¯|ΦAC ] ,
(32)
with nr = 0, 1, 2, ......
Therefore for both indexes(±(1),±(2)) the energy spectrum for particle and antiparticle
respectively can be computed from equation (32) to obtain
ξns,µl±(1,2) = µβ ±
√
m20 + 4m0|ω¯|
[
ns +
|Γs|
2
− Γs
2
]
, ns = nr +
1− s
2
. (33)
Now, in order to obtain the explicit form of the radial wave function, in equation (13) we
define ϕs(ρ) =
1√
ρ
Ψ(ρ). Thus, the change m0|ω¯|ρ2 → r2 leads to(
d2
dr2
+
1
4
− Γ2s
r2
+
ξs
mo|ω¯| − r
2
)
Ψ(ρ) = 0. (34)
From equation (34), the radial wave function has the form [24]
Ψs(ρ) =
[
2Γ (nr + 1)
Γs (nr + |Γs|+ 1)
]1/2
e
−m0|ω¯|ρ
2
2 (m0|ω¯|)
|Γs|+
1
2
2 ρ|Γs|+
1
2L|Γs|nr (m0|ω¯|ρ2), (35)
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where the normalization coefficient Nn was computed from the orthogonality of the Laguerre
polynomials. Thus, the Sturmian basis for the Dirac Oscillator under the Aharonov-Casher
effect in the Minkowski spacetime in terms of the group numbers n, ks =
1
2
|Γs|+ 12 are
ϕ(ρ)nr ,Γs =
[
2Γ (nr + 1)
Γ (nr + |Γs|+ 1)
] 1
2
e
−m0|ω¯|ρ
2
2 (m0|ω¯|)
|Γs|+
1
2
2 ρ|Γs|L|Γs|nr (m0|ω¯|ρ2), (36)
or
ϕ(ρ)nr ,ks =
[
2Γ (nr + 1)
Γ (n+ 2ks)
] 1
2
e
−m0|ω¯|ρ
2
2 (m0|ω¯|)ks+
1
2 ρ2ks−1L2ks−1n (m0|ω¯|ρ2). (37)
3.1 SU(1, 1) radial coherent states and their time evolution
The SU(1, 1) Perelomov coherent states |ζ〉 are defined in terms of the displacement operator
D(ξ) = exp(ξK+ − ξ∗K−) as [14]
|ζ〉 = D(ξ)|k, 0〉. (38)
Since the ladder operators K± satisfy the properties K
†
+ = K− and K
†
− = K+, it can be
shown that the displacement operator possesses the property
D†(ξ) = exp(ξ∗K− − ξK+) = D(−ξ). (39)
A more useful representation of the displacement operator D(ξ) is given by the so-called
normal form of this operator
D(ξ) = exp(ζK+) exp(ηK3) exp(−ζ∗K−), (40)
where ξ = −1
2
τe−iϕ, ζ = − tanh(1
2
τ)e−iϕ and η = −2 ln cosh |ξ| = ln(1 − |ζ |2) [25]. This
normal form of the displacement operator and equations (20)-(22) can be used to obtain the
following expression of the Perelomov coherent states [14]
|ζ〉 = (1− |ξ|2)k
∞∑
s=0
√
Γ(n+ 2k)
s!Γ(2k)
ξs|k, s〉. (41)
From the Sturmian basis and this definition of the SU(1, 1) Perelomov coherent states [14],
is possible to construct the relativistic coherent states for the Dirac Oscillator under the
Aharonov-Casher effect in the Minkowski spacetime, that is
Φs(ρ, ξ) =
[
2 (1− |ξ|2)|Γs|+1
Γ (Γs + 1)
] 1
2
ρ|Γs|e
−m0|ω¯|ρ
2
2 (m0|ω¯|)
|Γs+
1
2
|
2
∞∑
n=0
ξnL|Γs|nr
(
m0|ω¯|ρ2
)
. (42)
We calculate the sum of the above equation from the Laguerre polynomials generating func-
tion. Thus, the equation (42) can be written in terms of the quantum number ks as
Φs(ρ, ξ) =
[
2 (1− |ξ|2)2ks
Γ (2ks)
(m0|ω¯|)2ks−
1
2
(1− ξ)4ks
] 1
2
ρ2ks−1e
m0|ω¯|ρ
2
2 (
ξ+1
ξ−1 ). (43)
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Moreover, the equation (34) can be written as
Hrϕs = ξsϕs, (44)
with
Hr =
(
−ρ2 d
2
dρ2
+
Γ2s − 14
ρ2
+m20ω¯
2ρ2
)
. (45)
Therefore, from equations (28) and (44) we obtain
Hrϕs = 4m0|ω¯|B′s3 ϕs = ξsϕs. (46)
From this expression, we get in an alternative way the energy spectrum for the Dirac Oscil-
lator under the Aharonov-Casher effect in the Minkowski spacetime
ξns,µl±(1,2) = µβ ±
√
m20 + 4m0|ω¯|
[
ns +
|Γs|
2
− Γs
2
]
. (47)
The temporal evolution of the coherent states can be computed from the time evolution
operator U(t) = e−iHt/~ [26]. Thus, if the Hamiltonian is proportional to T0
U(t) = e−iγT0t/~, (48)
and the time evolution of the Perelomov number coherent states is given by
|ζ(t), J, n〉 = U(t)|ζ, J, n〉 = U(t)D(ξ)U †(t)U(t)|J, n〉. (49)
From the BCH formula it can be shown that the time evolution of the displacement operator
D(ξ) is due to the time evolution of the complex ξ(t) = ξeiγt/~ [21, 27] to obtain
|ζ(t), J, n〉 = e−iγ(J+n)t/~eζ(−t)T+eηT0e−ζ(−t)∗T−|J, n〉. (50)
Therefore, from these results, we can compute the temporal evolution of the coherent states
of equation (43) to obtain
ϕkss (ρ) =
[
2 (1− |ξ|2)2ks (m0ω¯)2ks−
1
2
Γ (2ks) (1− ξe4im0ω¯τ/~)4ks
] 1
2
ρ2ks−1e−4im0|ω¯|(ks)e
m0|ω¯|ρ
2
2
(
ξe4im0|ω¯|τ/~+1
ξe4im0 |ω¯|τ/~−1
)
. (51)
4 The Dirac Oscillator and the Aharonov-Casher Effect
in the Cosmic String Spacetime
The Dirac oscillator interacting with topological defects has been widely studied from differ-
ent approaches. In one of these works, Carvalho et al. [28] obtained the energy levels and
eigenfunctions of the Dirac oscillator in the presence of three defects, the cosmic string, the
magnetic cosmic string, and the cosmic dislocation. In Ref. [29], the authors consider the
cosmic string spacetime background to study the influence of non-inertial effects on the Dirac
oscillator.
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The metric tensor for the cosmic string spacetime in cylindrical coordinates is defined by
the line element
ds2 = c2dt2 − dρ2 − η2ρ2dθ2 − dz2, (52)
where the coordinates (t, z) ∈ (−∞,∞), the angular variable θ ∈ [0, 2π], η = 1 − 4m¯G
c2
is a parameter related to the deficit angle and m¯ is the linear mass density of the cosmic
string [3,28,30,31]. In this line element the geometry has a conical singularity Rρ,θρ,θ that gives
rise to the curvature centered on the cosmic string axis (z-axis) (in other places the curvature
is null).
Thus, the Dirac equation for this problem can be written as[
iγµ(x)
(∇µ(x) +m0ωργ0δρµ)+ µ2σµν(x)Fµν −m0]Ψ(t, r) = 0, (53)
with µ, ν = 0, 1, 2, 3 and where γµ(x) are the generalized Dirac matrices. These matrices
satisfy the relation γµγν + γνγµ = 2gµν(x) (gµν(x) is the curved metric tensor). In equation
(53), ∇µ(x) = ∂µ +Γµ(x) is the covariant derivative, with Γµ(x) the spinor affine connection
and δρµ is the Kronecker delta. The γ
µ(x) matrices can be written in terms of the standard
Dirac matrices γa in Minkowski spacetime as
γµ(x) = eµ(a)(x)γ
a, (54)
where the tetrad basis eµ(a)(x) satisfies the relations
e(µ)a (x)e
(ν)
b (x)η
ab = gµν(x), e(a)µ (x)e
(µ)
b (x) = δ
a
b , e
(µ)
a (x)e
(a)
ν (x) = δ
µ
ν . (55)
The tetrad basis ea(µ)(x) and e
µ
(a)(x) in the cosmic string spacetime are explicitly written
as [28]
eµ(a) =

1 0 0 0
0 cosφ sin φ 0
0 − sinφ
ηρ
cosφ
ηρ
0
0 0 0 1
 , e(a)µ =

1 0 0 0
0 cosφ −ηρ sinφ 0
0 sinφ ηρ cosφ 0
0 0 0 1
 . (56)
Thus, for this representation the Dirac matrices γµ(x) obey the relations
γ0(x) =γt, γ1(x) = γρ, γ3(x) = γz, γρ = cosφγ1 + sin φγ2,
γ2 =
γφ
ηρ
, γφ = − sin φγ1 + cosφγ2. (57)
Therefore, in terms of tetrad basis the equation (53) can be written as[
ieµa(x)γ
a
(∇µ(x) +m0ωργ0δρµ)+ µ2 eµa(x)eνb (x)σabFµν −m0]Ψ(t, r) = 0, (58)
where the spinor affine connection is given by Γµ(x) =
i
4
ωµab(x)σ
ab, and ωµab(x) is the spin
connection. With all these results, the Dirac equation for the Dirac oscillator under the
influence of the Aharonov-Casher effect in the cosmic string spacetime can be written as [32][
iσ1
(
∂ρ − (1− η)
2ηρ
+ σ3
(
moω¯ρ− sΦAC
ηπρ
))
+ σ2
(
i∂θ
ηρ
+
σ3
2ηρ
)
+ µB +m0σ3 − i∂0
]
ψ(t, ρ, θ) = 0,
(59)
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where ψ(t, ρ, θ) ≡ U−1(θ)Ψ(t, ρ, θ), U(θ) = e− iθα32 . In particular, the differential equation for
the radial part of this problem in the cosmic string space is [32][
d2
dρ2
+
1
ρ
d
dρ
− γ
2
s
η2ρ2
−m20ω¯2ρ2 + ξs
]
ϕ¯s (ρ) = 0, (60)
where
γs ≡ ml + sΦAC
π
− sη
2
, ξ¯s ≡
(
µB
η
− ξ
)2
−m20 +
2m0ω¯γs
η
+ 2sm0ω¯. (61)
5 The algebraic solution for the Dirac Oscillator and
the Aharonov-Casher Effect in the Cosmic String
Spacetime
In this Section, we shall construct the su(1, 1) algebra generators for the Dirac Oscillator and
the Aharonov-Casher effect in the cosmic string spacetime. To this end, we will proceed as
in Section 3. Thus, we first express equation (60) as
[
T
s
− − 1
]
T
s
+ =
1
4
[(
ξ¯s
2m0|ω¯| + 1
)2
− γ
2
s
η2
]
, (62)
where the Schro¨dinger operators T± are given by
T
s
∓ =
1
2
[
±ρ d
dρ
+m0|ω¯|ρ2 − 1
2m0|ω¯|
[(
µB
η
− ξcs
)2
−m20 +
2m0|ω¯|γs
η
+ 2sm0|ω¯|
]
+ s
]
.
(63)
Applying the Schro¨dinger factorization method to equation (60), we obtain the following pair
of operators
S
s
±(1) =
1
2
[
∓ρ d
dρ
+m0|ω¯|ρ2 −
m20 − 2m0|ω¯|η
(
µl +
ΦAC
pi
− η
2
)
2m0|ω¯|
]
− 1 + s
2
− Ts3, (64)
S
s
±(2) =
1
2
[
∓ρ d
dρ
+m0|ω¯|ρ2 −
m20 − 2m0|ω¯|η
(
µl − ΦACpi + η2
)
2m0|ω¯|
]
+
1− s
2
− Ts3, (65)
with Ts3 explicitly given by
T
s
3χs =
1
4m0|ω¯|
[
− d
2
dρ2
− 1
ρ
d
dρ
+m20ω¯
2ρ2 +
γ2s
η2ρ2
+m20 −
2m0|ω¯|γs
η
− 2m0|ω¯|
]
χs
=
1
4m0|ω¯|
[
µB
η
− ξcs
]2
χs. (66)
These operators close the su(1, 1) Lie algebra of equation (18), i.e.[
T
′s
3,T
s
±(1,2)
]
= ±Ts±(1,2),
[
T
s
−(1,2),T
s
+(1,2)
]
= 2T′s3, (67)
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where T′s3 is expressed in terms of T
s
3 as
T
′s
3 = T
s
3 +
1
4πη|ω¯| [|ω¯|ηπ −m0ηπ + 2|ω¯|mlπ + 2|ω¯|ΦAC ] . (68)
Therefore, in this case, the Casimir operator C 2cs and the quantum number kcs are given
by
C
2
csχs =
1
4
[
γ2s
η2
− 1
]
χcs = k(k − 1)χcs, kcs = 1
2
∣∣∣∣γsη
∣∣∣∣+ 12 . (69)
Thus, the energy spectrum for particle and antiparticle respectively for the Dirac Oscil-
lator under the Aharonov-Casher effect in the cosmic string spacetime is written as
ξns,µlcs±(1,2) =
µβ
η
±
√
m20 + 4m0|ω¯|
[
ns +
|γs|
2η
− γs
2η
]
, (70)
and the radial wave functions are given by
Ψcs(ρ) =
 2Γ (nr + 1)
Γs
(
nr +
∣∣∣γsη ∣∣∣+ 1)
1/2 e−m0|ω¯|ρ22 (m0|ω¯|) |γsη |+122 ρ| γsη |+ 12L| γsη |nr (m0|ω¯|ρ2), (71)
Moreover, the Sturmian basis this case are
χcs(ρ)nr ,γs =
 2Γ (nr + 1)
Γ
(
nr +
∣∣∣γsη ∣∣∣+ 1)
 12 e−m0|ω¯|ρ22 (m0|ω¯|) | γsη |+122 ρ| γsη |L| γsη |nr (m0|ω¯|ρ2), (72)
or
χcs(ρ)nr ,kcs =
[
2Γ (nr + 1)
Γ (n+ 2kcs)
] 1
2
e
−m0|ω¯|ρ
2
2 (m0|ω¯|)kcs+
1
2 ρ2kcs−1L2kcs−1n (m0|ω¯|ρ2). (73)
5.1 SU(1, 1) radial coherent states and their time evolution
The relativistic coherent states for the Dirac Oscillator under the Aharonov-Casher effect in
the cosmic string spacetime can be obtained from the Sturmian basis of equation (72). By
substituting this expression into the equation (41) we obtain
Φcs(ρ, ξ) =
2 (1− |ξ|2)| γsη |+1
Γ
(
γs
η
+ 1
)

1
2
ρ| γsη |e−m0|ω¯|ρ
2
2 (m0|ω¯|)
| γsη +12 |
2
∞∑
n=0
ξnL
| γsη |
nr
(
m0|ω¯|ρ2
)
. (74)
If we use the Laguerre polynomials generating function, we can express these states in terms
of quantum number ks as
Φcs(ρ, ξ) =
[
2 (1− |ξ|2)2kcs
Γ (2kcs)
(m0|ω¯|)2kcs−
1
2
(1− ξ)4kcs
] 1
2
ρ2kcs−1e
m0|ω¯|ρ
2
2 (
ξ+1
ξ−1). (75)
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On the other hand, the second differential equation (60) can be written as
H(cs)rχs =
(
−ρ2 d
2
dρ2
+
Γ2s − 14
ρ2
+m20ω¯
2ρ2
)
χs = 4m0|ω¯|Ts3ϕs = ξcsχs. (76)
From this equation, we can obtain again the energy spectrum for the Dirac Oscillator and
the Aharonov-Casher effect in the cosmic string spacetime
ξns,µl±(1,2)cs =
µβ
η
±
√
m20 + 4m0|ω¯|
[
ns +
|γs|
2η
− γs
2η
]
. (77)
Now, from our results of Section 3.1 for the temporal evolution of the coherent states, we
obtain that the temporal evolution of the states (77) in terms of kcs are
ϕkss (ρ) =
[
2 (1− |ξ|2)2kcs (m0|ω¯|)2kcs−
1
2
Γ (2ks) (1− ξe4im0|ω¯|τ/~)4kcs
] 1
2
ρ2kcs−1e−4im0|ω¯|(kcs)e
m0|ω¯|ρ
2
2
(
ξe4im0 |ω¯|τ/~+1
ξe4im0 |ω¯|τ/~−1
)
. (78)
6 Matrix Elements and the Schro¨dinger Uncertainty
Relationship for the Dirac Oscillator under the Aharonov-
Casher Effect
In this Section, we will obtain some matrix elements for the radial wave function of the Dirac
oscillator under the Aharonov-Casher effect in the Minkowski spacetime and the cosmic string
spacetime. Also, we will obtain some expectation values and the Schro¨dinger uncertainty
relationship for the Perelomov coherent states of this problem. From equations (25) and
(26), the following relationships can be obtained
ρ2 =
1
m0|ω¯|
[
B
s
+ + B
s
− + 2B
s
3 +G− 1
]
, (79)
ρ
d
dρ
= Bs− − Bs+ − 1, (80)
where
G =
−m20 − 2m0|ω¯|
[
µl +
ΦAC
pi
− s
2
]
+ 1
m0|ω¯| . (81)
The matrix elements of these expressions can be computed algebraically by using the equa-
tions (20)-(22) and are given by
〈Ψm|ρ2|Ψn〉 = 1
m0|ω¯|
[√
(ns + 1) (|Γs|+ ns + 1)δm,n +
√
ns (|Γs|+ ns)δm,n (82)
+ [|Γs|+ 2ns + 1] δm,n +G
]
,
〈Ψm|ρ d
dρ
|Ψn〉 =
√
ns (|Γs|+ ns)δm,n −
√
(ns + 1) (|Γs|+ ns + 1)δm,n − 1. (83)
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Now, by using the Baker-Campbell-Hausdorff identity
e−ABeA = B +
1
1!
[B,A] +
1
2!
[[B,A] , A] +
1
3!
[[[B,A] , A] , A] + ..., (84)
and the su(1, 1) commutation relations of equation (18), the following similarity transforma-
tions are obtained for the su(1, 1) Lie algebra generators
D†(z)Bs+D(z) =
z∗
|z|αB
s
3 + β
(
B
s
+ +
z∗
z
B
s
−
)
+ Bs+, (85)
D†(z)Bs−D(z) =
z
|z|αB
s
3 + β
(
B
s
− +
z
z∗
B
s
+
)
+ Bs−, (86)
D†(z)Bs3D(z) = (2β + 1)B
s
3 +
αz
2|z|B
s
+ +
αz∗
2|z|B
s
−, (87)
with α = sinh(2|z|) and β = 1
2
cosh(2|z| − 1). Thus, with the help of equations (85)-(87),
we obtain the following expectation values of the group generators Bs+,B
s
− and B
s
3 for the
Perelomov coherent states
〈ξ|Bs+|ξ〉 =
z∗
|z| sinh (2|z|)
(
1
2
|Γs|+ 1
2
)
, (88)
〈ξ|Bs−|ξ〉 =
z
|z| sinh (2|z|)
(
1
2
|Γs|+ 1
2
)
, (89)
〈ξ|Bs3|ξ〉 =cosh (2|z|)
(
1
2
|Γs|+ 1
2
)
. (90)
6.1 Schro¨dinger uncertainty relationship
From the SU(1, 1) group ladder operators Bs+ and B
s
−, we can define a general position and
momentum-type operators X and Y as follows
X ≡ Bs+ + Bs−, Y ≡ i
(
B
s
+ − Bs−
)
. (91)
The Schro¨dinger uncertainty relationship for these general operators states that
(∆X)2 (∆Y )2 ≥ 〈F 〉2 + 1
4
〈C〉2. (92)
Here, 〈C〉 ≡ −i〈|X, Y |〉 and 〈F 〉 ≡ 〈1
2
{X, Y } + 〈X〉〈Y 〉〉 is the quantum correlation of the
operators X and Y . Also, in this expression
(∆X)2 = 〈ξ|X2|ξ〉 − 〈ξ|X|ξ〉2, (∆Y )2 = 〈ξ|Y 2|ξ〉 − 〈ξ|Y |ξ〉2. (93)
By using the definition of the Perelomov coherent states(40) and the similarity transfor-
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mations (85) and (86), we obtain
〈ξ|X2|ξ〉 =α2
(
1
2
|Γs|+ 1
2
)2(
2 +
z∗
z
+
z
z∗
)
+ 2
(
1
2
|Γs|+ 1
2
)[(
2 +
z∗
z
+
z
z∗
)(
λ2 + λ
)
+ 1
]
,
(94)
〈ξ|Y 2|ξ〉 =α2
(
1
2
|Γs|+ 1
2
)2(
2− z
∗
z
− z
z∗
)
+ 2
(
1
2
|Γs|+ 1
2
)[(
2− z
∗
z
− z
z∗
)(
λ2 + λ
)
+ 1
]
,
(95)
〈ξ|X|ξ〉 =α
(
1
2
|Γs|+ 12
)
|z| (z
∗ + z) , (96)
〈ξ|Y |ξ〉 = iα
(
1
2
|Γs|+ 12
)
|z| (z
∗ − z) . (97)
From these results the quadratic deviations of the X and Y operators can be computed, to
obtain [33]
(∆X)2 =2
(
1
2
|Γs|+ 1
2
)[(
2 +
z∗
z
+
z
z∗
)(
λ2 + λ
)
+ 1
]
, (98)
(∆Y )2 =2
(
1
2
|Γs|+ 1
2
)[(
2− z
∗
z
− z
z∗
)(
λ2 + λ
)
+ 1
]
, (99)
(100)
and the product of these factors is
(∆X)2 (∆Y )2 = 4
(
1
2
|Γs|+ 1
2
)2 [(
λ2 + λ
)2(
4−
(
z∗
z
+
z
z∗
)2)
+ 4
(
λ2 + λ
)
+ 1
]
. (101)
On the other hand, the expectation values 〈F 〉 and 〈C〉 in a Perelomov number coherent
state are given by
〈ξ|F |ξ〉 = 2i
(
1
2
|Γs|+ 1
2
)
(λ2 + λ)
(
z∗
z
− z
z∗
)
, (102)
〈ξ|C|ξ〉 = 4
(
1
2
|Γs|+ 1
2
)
(2λ+ 1). (103)
By substituting the results of equations (101), (102) and (103) into equation (92), we conclude
that the coherent states are of minimum uncertainty, according to the Schro¨dinger uncertainty
relationship. This result is in full agreement to that previously reported in Ref. [14].
All the results obtained in this Section can be translated to the case where the oscilla-
tor is now in cosmic string spacetime by replacing Γs by
γs
η
and Bs+,B
s
−,B
s
3 by T
s
+,T
s
−,T
s
3
respectively.
7 Concluding remarks
In this paper, we studied the problem of the Dirac oscillator in which the Aharonov-Casher
effect coupled to an external electromagnetic field intervenes in two different scenarios: in
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the Minkowski spacetime and the cosmic string spacetime. For both cases, we showed that
the radial part of this problem possesses the su(1, 1) symmetry. This result was obtained
by applying a factorization method to the uncoupled second-order radial equations. From
this factorization method, we found the su(1, 1) Lie algebra generators and used the theory
of unitary representations to obtain the eigenfunctions for the radial part and the energy
spectrum. Then, we obtained the Sturmian basis of this Lie algebra, which allowed us to
construct the Perelomov coherent states and their time evolution.
Finally, we introduced a general position and momentum-like operators in terms of the
su(1, 1) Lie algebra generators to calculated some matrix elements. Also, we showed that the
Schro¨dinger uncertainty relationship is minimal for these coherent states.
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